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Abstract

In this research, a stochastic model is developed and analysed for the age structured deter-
manistic model of diphtheria infection. The model includes specific epidemiological classes
such as Sy Susceptible infant at time t (0-1years), Ss , Susceptible school children popu-
lation at time t, V, Vaccinated population at time t, E, Exposed population at time t
, Iy, Asymptomatic infected population at time t, I., symptomatic infected population
at time t, Ip., Detected infectious humans at time t(Asymptomatic and symptomatic)
population through testing, R., Recovered population at time t . The work investigates
the transformation of age-structured deterministic model of diphtheria infection into an
age-structured stochastic model of diphtheria infection , by applying the well established
procedure proposed in [1] and also investigates the existence and uniqueness of solution
of the transformed stochastic model. It is established that developed stochastic model of
diphtheria infection dynamics satisfies the condition for the existence and uniqueness of
solution. The numerical simulation of the work; shows that, increased vaccination rate
will lead to Diphtheria infection extinction while low vaccination rate will produce an epi-
demic, demonstrates how randomness can cause the outbreak of Diphtheria die out and
indicates the effect of random noise in detecting the disease hence suppressing the initial
infection wave.
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1. Introduction

The use of mathematical entities such as equations, variables, functions, symbols, etc pro-
vides a fundamental description of physical reality, and enhances a better understanding
of underlying phenomena of the system under consideration [2], [3], [4], [5], [6], [7], [8],
9], [11], [12], (13, [14], [15], [16].

Diphtheria is a bacterial infectious disease that scientists need to understand its trans-
mission dynamics, with the aim of advancing it preventive and control strategies. Diph-
theria infection can lead to severe complications such as respiratory failure, heart prob-
lems and even deaths if it is not detected early. Several researches have been carried out
in recent time on the mathematical modelling of the transmission dynamic of diphtheria
infection;

[13] developed an aged structured deterministic mathematical model of diphtheria
infection. It was established through theorems and proofs that the model is epidemiolog-
ically meaningful, and that all its state variables are positive (non-negative) at time ¢ > 0
in the domain @, and that the domain @ is indeed bounded. Using the next generation
matrix, the reproduction ratio of the system was determined. Using dynamical system
theory, it was established that the system is locally stable. A matrix theoretic method
was used in the construction of an appropriate Lyapunov function for the global stabil-
ity analysis of the formulated model, and also established that the system is globally
asymptotically stable if R, < 1 and unstable otherwise.

E.S. Udofia, J.I. Uwakwe, and H.S. Thomas (2024) , used Optimal control
theory to study the impact of personal protection, vaccination and treatment as effective
control measures against diphtheria infection and established necessary conditions for
the optimal control of the system. The application of time-dependent controls that can
reduce the total number of infected (symptomatic and asymptomatic) individuals in the
population were also established. To determine the most influential parameters of the
model that greatly influence the prevalence of diphtheria, sensitivity analysis was carried
out on R, using the normalised forward sensitivity index of R}, that depends differentially
on basic reproduction ration parameters. From the sensitivity analysis is was discovered
that, the most influential parameters of the model that greatly influence the prevalence of
diphtheria were effective rate of transmission, rate of progression from the latent state to
the infected state, fraction of new infection that are both symptomatic and asymptomatic,
detection rate, natural and infection death rate. The numerical simulations showed that
there is a significant effect of vaccination and isolation for susceptible individuals. The
number of susceptible infants reduces and drops to zero when each of the controls was
applied with time. The use of treatment / drug inhibition control could significantly
reduce the number of both asymptomatic and symptomatic infected individuals

The mentioned works and numerous studies such as [18], [19], [20], [21], [22], [23] are
mostly deterministic, and assume that all input variables are deterministic functions of
time, ignoring completely the randomness of these variables. Because the fundamental
biological processes involved most real cases are stochastic, ignoring the inherent ran-
domness in these processes may not be ideal. In this work, we seek to extend previous
deterministic diphtheria models [13], [14], [15], [16] to capture the randomness inherent in
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the biological process of diphtheria infection and establish the condition for existence and
uniqueness of solution of the developed stochastic model. This extension allows SDEs to
model phenomena that cannot be accurately captured by deterministic equations alone.

A stochastic differential equation (SDE) model describes dynamical systems influenced
by random noise, extending deterministic differential equations by adding a stochastic
process term, often Brownian motion, allowing it to model systems influenced by un-
certainty and random fluctuations. The core components of a Stochastic Differential
Equations include the drift term, the diffusion term, and the Wiener process. The drift
term represents the deterministic part of the equation, often linked to the average rate
of change in the system. The diffusion term captures the random fluctuations, scaling
the impact of the stochastic component. The Wiener process, or Brownian motion, is
a mathematical representation of random movement, providing the stochastic input that
drives the system’s behavior.

2. Model Formulation

2.1. Assumptions

1. The control of diphtheria is based on primary prevention of disease by ensuring high
population immunity of the infant ((0-1 year) and school children by vaccination

2. Isolation of detected cases (that is confirmed cases are not allowed to interact with
the population freely.

3. Epidemiological surveillance ensuring early detection through contact tracing is
carried out

4. Secondary prevention spread by the rapid investigation of close contacts to ensure
prompt treatment of the infected

5. The total population of human at time ¢ under consideration denoted by Ny, is split
into mutually exclusive sub-population of S; Susceptibleinfantat time ¢ (0-lyears),
Sy , Susceptible school children populationat time ¢, V', Vaccination populationat
time t, F, Exposed populationat time ¢, I;, Asymptomatic infection populationat
time t, I5., symptomatic infection populationat time ¢, R., Recovered populationat
time t¢. Ip., Detected infectious humansat time t(Asymptomatic and symptomatic)
population through testing,

H, =5 + S +V+E+ L+ L+R+ Ip

2.2. State Variables

Np—The total population of human at time ¢ under consideration
S1— Susceptible infant at time ¢ (0-lyears),
So— Susceptible school children population at time t,
V' —Vaccination population at time ft,
E— Exposed population at time ,
I; — Asymptomatic infection population at time ¢,
I, — Symptomatic infection population at time ¢,
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Ip— Detected infectious humans at time #(Asymptomatic and symptomatic) popu-
lation through testing,

R—Recovered population at time ¢

2.3. Parameters

o1 — progress rate from exposed to Iy, Asymptomatic infected population

09 — progress rate efrom exposed to Iy, symptomatic infection population

0 — fraction of new infection that are I, Asymptomatic
1 — 0 — fraction of new infection that are I, symptomatic
B1 — ef fective transmission rate from S
By — ef fective transmission rate from So
71 — vaccination coverage for Sy
Ty — vaccination coverage for S
e —vaccine ef ficacy
p — maturity rate from Sy to Sy
b — per capita birth rate of humans
€11 — immunization rate in Sy
€Ty — immunization rate in So
0, — detection rate (via contact tracing ) for S
0y — detection rate (via contact tracing ) for S
n — death due to infection

o — natural death rate

Isaac et al. International Journal of Mdthematics and Statistics Vol. 2, Issue 2 (2026)



~v1 — the recovery rate of I
Yo — the recovery rate of I

v3 — the recovery rate of Ip

Bi(o11y + o215)

() =

1) N —1Ip
Ba(o11h + 0215)

Ao(t) =

2(?) N —1Ip

2.4. Model Equations

Using the above described state variables and parameters, the model of the diphtheria
infection transmission dynamics results in the following system of deterministicnon-linear
first order differential equations

dsS, b1 (o111 + 0215)

E = bNh — Nh _ [D Sl — 5’7'151 — pS1 — CYS] (21)
dsS. o111 + o9l
d—tg = pSl — 52(]\17]11_ ]D2 Q)SQ —67'252 — OéSg (22)
av
% 267'151—|— 87’252 — aV (23)
dFE 51(0’1[1 +O’2[2> ﬁ2(0'1]1 —|—0'212)
— = —010FE —o3(1—-0)E — aF 2.4
di N, —1Ip S+ N, — I, Sy — 010 o2(1 —9) a (2.4)
dl
d_tl = O'l(SE— ’)/1]1 —91]1 —Oz[l —77[1 (25)
dl.
d_t2 = 0'2(1 — 5)E — ’}/QIQ - (92]2 - O[]Q - 77]2 (26)
dI
d—f = 91]1 + 62]2— ’YSID —Oé]D—nID (27)
dR
—_— :’}/1]1 + ’}/QIQ + fYBID — OZR (28)

dt

The transition probabilities are shown in table 2.1
Tab 2.1: THE TRANSITION PROBABILITIES

Isaac et al. International Journal of Mathematics and Statistics Vol. 2, Issue 2 (2026)



CHANGE PROBABILITY EVENT

(1000000 0]" P, = bN,At Recruitment of susceptible humans
(1010000 0] Py, = (1091,51At Infant becomes symptomatically infected
(1010000 0] Py = pioy[151At  Infant becomes asymptomatically infected
[

0—1100000]

0—1100000]"

P4 = /BQO-QIQSQAt

P5 = 5201]152At

School children become symptomatically
infected

School children become asymptomatically
infected

1001000 O]T Py =em SiAt The immunization rate of infants
1100000 O} P; = pS1At maturity rate from Sy to Sy
0—1 01000 0] Py = em Sy At The immunization rate of school children
0—-1000000" Py = aSy At Natural death of school children
1000000 O]T Po= aS;At Natural death of infants

[—
[—
[
[
[—
00 —-100000]"
000 —-11000]"
[0
[0
[0
[0
[0

P11 = O{VAt
P12 = 016EAt

Natural death of the vaccinated
Exposed Asymptomaticallyinfected

00 —1010 O]T Pi3 = 09(1-0)EAt  Exposed symptomatically infected
000—100 1]T Py =y LAt Asymptomatic infected recovers
000—101 O]T Pis = 0,1, At Detection of asymptomatic infection
000—-100 O]T Pis = al; At Natural death of the asymptomatic
000-100 O]T Py =nl At The asymptomatically infected dies due to
infection
[0 0000—100]" Pg=alAt Natural death of the symptomatically
infected
0 0000—-10 O]T Pig = nly At The symptomatically infected dies due to
infectio
0 0000—-10 1]T Py = vl At Symptomatic infected recovers
0 0000—-11 O]T Py = 0,1,At Detection of symptomatic infection
0 00000—1 1]T Pyy = 3l p At Detected infected recovers
0 000000—1" Py = aRAt Natural death of the removed
0 00000—1 O]T Py = nlp At Death of the detected due to infection
0 00000—1 O]T Py = alpAt Natural death of the detected

2.5. The Stochastic Model Equations

Using the second modelling procedure developed by [1] on the construction of stochastic
differential equation from the deterministic differential equation, hence the stochastic
model equation are given as

X = F(t

X)) dt +G(t, X(t)dW,
hXﬂmwX() X;3(0), X } (2.5.1)

1(0), X5(0), X6(0), X7(0), X5(0)]"
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( _ Bi(o1li+o215)

ds, = (bNh - Blalamlg oS~ pSy— aSy) dt +wiSy(H)dWi(t)
as, = (PS1 - —52((;\1151—?;2[2)52 — T3S — @Sy dt + wo S (t)dWs (1)
dVv = (67'151 + 57’252 — aV )dt +W3V(t)dW3(t)
B = (2glimlls, g 2lohialls, — 0B —oy(1—6)E — aB)dt+w,E(1)dWi(t)
dl, = (000E — I, — 601, —aly —nl)dt + wsI,(t)dWs(t)
d[g = (0’2(1 — (S)E — "}/2[2 — 6‘2[2 — Oz]z — 77[2) dt + CUﬁ[Q(t)dWﬁ(t)
dip = (01[1 + (92[2— ")/3ID —OéID—U[D )dt +W7[D(t)dW7(t)

. dR = (’)/1]1 + ’YQIQ + ’)/3[1) — OLR) dt + CL)BID(t)dWE;(t)

The drift vector is defined as

25
T o= SORX, (2.5.3)
j=1

_>
Where Pjand A ; are random changes and transition probabilities respectively (table

1)

The drift vector is given as

DN, — lieel) g ori S — pS) — aS)

pS) — Blaltells, _org, — oS,
e ST+ emSy —wV — oV
7o | Mgidebls g REIERLIS, — 010E —0y(1 - 6)E - oF (2.5.4)
o0 — Iy — 0,1, —al; —nl,
oo(1 = 0)E — ~oly — 0515 — aly — 1l

Oy + 021 — ~v3lp —alp —nlp
vl + yly + y3lp — aR

1
The diffusion matrix G has the entries \;; P}
Where \;j and P; (1 =1, 2,. . 8j5=1,2, . . ., 25) are the components of the
random changes and transition probabilities respectively. The diffusion matrix G is given
by:

g1? —g1a? —gia? 0 0 —g167  —i7? 0 0 — 1107 0
0 0 0 —g2®  —Gas? 0 9277 —gs?  —Gao? 0 0
0 932% 933% 934% 935% 0 ) 0 0 ) 0 0 —9311% )
G 0 0 0 0 0 9462 0 9482 0 0 0 —941215
0 0 0 0 0 0 0 0 0 0 5122
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
Where
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g11 = bNw, gi2 = 81021551, g13 = f10,11151,914 = 0, g15 = 0, g16 = €751, 17 = pS1, Giio = Sy

go4 = 5202[252, gos = 5201]1527 927 = pS1, gos = €T2S2, uSa, gag = S

932 = 5102[2517 g33 = 510111517 g34 = 5202]2527 g3s = 5201[152, gz11 = aV

Ga6 = ET151, gas = €T2S%, §y10 = 010E, g3 = 09(1 —0)E
gs12 = 010E, gsia = nl1, gs15 = 0111, gsie = aly, gsir =nl
go1a = 02(1 = 0)E, gs19 = nla, ge20 = V212, goo1 = 021, ge2o = 131 p
gris = 0111, gr2a = nlp, gras = ala, gra1 = Oala, g2 = 131 p
gs1a = Y111, gs20 = V2l2, gso2 = 13l p, gsaz = aR
The probability distribution (¢,) of the solution that solves the above stochastic dif-

ferential equation satisfies the forward kolmogorov equation given below:

25

Op(t, x

f’: p(t, ) fult, ) fu(t, z)] (255

O0x;0x;

Olp(t,x) fi(t,x 1
bl i) Ly

i=1 ! i=1 j=1 I=1

2.6. Existence and Uniqueness Theorem for SDEs

Assume that the coefficients in the following system of stochastic differential equations

dX] = a;(t, Xp)dt+ ) > by (t, X;) dW/ (2.6.1)
i=1 j=1
Where X! = (X}, X2, X3 . . . xm', wi =w}r wz, wi, .. wm)"

a; (t, Xy) — is an n — dimensional vector with entries a;(t, x)

bi; (t, Xi) — is an n x m matriz with entries b;;(t, x)
Satisfying the following Lipschitz condition and growth conditions in (2.6.2) for some
constant ¢ < oo and for all t€ R and x,y ¢ R"

la;(t, =) —a;(t, v)|| <qllz—yll
103 (t, ) —bi;(t, y)|| < qllz—yl| (2.6.2)
lai(t, )| <qllzll,  [b5E )| < gl
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Then for each xy € " there is a unique solut
equations (2.15) such that X, = =

ion to the system of stochastic differential

Now consider equations (2.5.1) and (2.5.2) with the following:

X(0) = [51(0), 52(0), V(0), E(0)

Br (o111 + 0215)

Il<0)a I2<O)7 ID(O)a R(O>]

’

Sl — 57'151 — pSl — OéSl

= bN;, —
fi h N, —1,
Ba (0111 + 021,
— 05, —
fa P N, — Ip

)SQ — 57'282 — OZSQ

f3 = 57151+ 57’282 —wV — aV

B1(o1ly + o215)

fi = S+

Ny —1Ip Ny, —1Ip

fs =

52(0111+0212)S2 — 016E —05(1—8)E — aFE

01(5E — ’71]1 — 01]1 — Oé]l — 7’]]1

fo = 02(1=0)E— vly — 021y —aly —nly
fr =01 + 0o — ~v3lp —alp —nlp

fs =mh + vl + y3lp ——aR

Then there exist a constant K, such that

of, _
ol

0fy _
25,

0fs

=|p

asl :‘ ETq

510151
N, —Ip

| <K,

af, b1 (o111 + o215)
= —em—p— a| <
95, N, 1, et —p— af < K,
<K, of, _ B10251 <K of, _ p1 (o111 + 0215) Sy <K, of, _ @
oI, Nn—Ip dlp (N, — Ip)? dSy O
8f2 Bg (01[1 + 02[2) an 520'152 6f2 52(
95, ‘ N, —1Ip =R Ny —Ip| = oL N,
df 5 fs Ofs  Ofs  O0fy 0Ofy  0Ofs
<K, = = <K, == = —aol < K = = = = -
=K g, —lemls K Gy =lw-a s K= o0 = 51, = 01, ~ ol
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_9

C

- :( Aloitonl)) < K, Y :] Bloditoel)| < |, S — oy —05(1-0) —— | <

K, Y = | slobiohSebahions | < g o _ | Anfehes| < g Y —
e
ofs ofs fs Ofs Ofs dfs fs

—0 —0 —0 ol <K Y 0 —a—n <K L5 =
95, 98, " ov " OE |l < K, ol, [ m—bh—a-n <K, o,  OR
O0fs fs Ofs Ofs Ofs  Of O0f
9 _ -8 <K 2o | 0 —a—n <K — = = _ _
op — | (1=K, al, | =t -a-n <K, oI, _ OR _ 9l, 0S5 05,
of; of; of; of; of; of; of;
al, Ol = K, ol, | 62| < K, ol, s —a-nl <K S, 05, oV
Ofsg O0fsg Ofs Ofs Ofs Ofs Ofs
or — | A=K = mls K o= | el <K are =l <K go- = go-= Sy

The elements of the diffusion matrix are continuously differentiable
Also, from (2.5.1) and (2.5.2)

8 2
g I +O' [ s
171 = | 3 A =\/[bzvh— {PEAEABeripr b s 4T AT+ TAE+T
i=1
I I
fl _ bNh— {51(0-1 1+ 09 2) —(8T1+P+ Oé)}Sl
N, —Ip
o117 + o9l
o s (bt
fs = emnSi+ emSy ——(w+ o)V
_ Bulon Ly + oqdy) Ba(o11h + 0215)
f4 = Nh—ID Sl + Nh —ID SQ (0'15—|—O'2(1 —5) -+ Oé) E
fs = 00— (v, +0+a+n) L
fo = 0(1=8)E—(r2+0+a+n)ls
f7 :91[1 + 92[2— (’}/3+OC+77)ID
fs =7l + vly + 3lp —— aR
And
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bNh + 2%81 + 287’151 + 2p51 + C(Sl + 2%5’2 + 287’282 + OéSQ + aV + 20’15E‘+
= 20'2(1 —5)E+OZE+2"}/1[1 +291[1 + (Oé—|-77>[1 —|—2’}/2[(
+20515 + (o + ) + 273Ip + (a+n)Ip  + F

Both f; and g;; are continuously differentiable at [S1(0) , S2(0), V(0), E(0), [,(0), I2(0), I
and satisfies Lipschizt condition. Since the norms exist, they are bounded. The drift and
the diffusion matrices are therefore bounded. Hence, the condition for the existence and
uniqueness of the model is satisfied.

3. Numerical Simulation

Table 1 Model Parameters and values

Parameters Values Source

b 0.15448/dy Rahmi&Pratama (2023)
o 0.0000194 Rahmi&Pratama (2023)
Y1, V2,73 0.5, 0.6, 0.7 Assumed

01, 0 0.3,0.4 Assumed

B1, Po 0.57 Izzati& Andriani (2021)
€ 0.6 Assumed

p 0.7 Assumed

w 0.5 Assumed

o1, 09 0.143, 0.140 Rahmi&Pratama (2023)
Y 0.5 Rahmi&Pratama (2023)
) 0.2 Assumed

T, To 0.5, 04 Rahmi&Pratama (2023)

The initial conditions for the variables are; S;;(0) =500 , S;(0) =500 ,

V1(0) = 200 , E{(0) =700 ,
I1(0) =100 , I5;(0) =200 , Ip;(0)=400, R,(0) =400
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Figure 1: Stochastic plot for susceptible infant, susceptible school children and vacci-
nated population

Each plot features multiple jagged lines (individual stochastic realizations) alongside
a smooth trend line (the deterministic baseline). From figure 1, the cluster of green curves
(vaccinated population) drift farther away from the deterministic baseline compared to
the cluster of orange curves (susceptible infant) and the blue curves (susceptible school
children population). The high variance indicates the effect of randomness on the vacci-
nation program. At day zero the variances between each cluster of curves reduces, and
becomes very close to the deterministic baseline. After 5days each individual trajectory
for the number of susceptible school children reduces and drops lower than the vaccinat-
ed population and susceptible infant population. After 40days the vaccinated population
curves intercept with that of the susceptible infants. As the vaccination curves moves up-
ward the susceptible infant curves moves downward, indicating a reduction in the number
of susceptible infants.
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Figure 2: Stochastic plot of recovered populations (I, I,Ip) and infected populations

From Figure 2, individual trajectories for the infected classes (I, I, Ip) cluster around
their deterministic baseline (the dash lines), but the recovered class have smooth curves
that drifts away from its deterministic baseline. The cluster of curves for the infected
classes drops to zero early, on day 10. The number of detected cases peaks at day 5, while
the R curves rises quickly, maintaining a smooth trajectories all through. The steep rise
in R and sharp drops in 1;, I, and I signals the end of an epidemic wave of the disease.
Hence, demonstrating how randomness can cause the outbreak of Diphtheria die out.

—--E
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—-- 12
—- 1D

300

Number of Individuals

=
5]
=}

50

6 2‘0 4‘0 Sb B‘O 160
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Figure 3: Stochastic plot of Exposed populations (I, Iz, Ip) and infected populations

The cluster of green curves (Exposed population) drops sharply from its initial value
to 40 individuals by day 10 with some curves dropping to zero on day 10, while its
deterministic baseline drops gradually to zero on day 40. The rate of the drop corresponds
to how quickly the diphtheria epidemic spreads, combined with how fast individuals move
to the infected classes. The rapid drop in the asymptomatic and symptomatic classes
to zero by day 5 also indicates how fast individuals move to the detected infected class.
The detected infected population (Ip) curves plateaus earlier; this indicates the effect of
random noise in detecting the disease hence suppressing the initial infection wave.

4. Conclusion

In this work, both the age-structured deterministic and stochastic model of the transmis-
sion dynamics of diphtheria infection has been developed. The model includes specific
epidemiological classes such as S; Susceptible infant at time ¢ (0-lyears), Sy , Susceptible
school children population at time ¢, V', Vaccinated population at time ¢, F, Exposed
population at time ¢, I;, Asymptomatic infected population at time ¢, I., symptomatic
infected population at time t, Ip., Detected infectious humans at time ¢(Asymptomatic
and symptomatic) population through testing, R., Recovered population at time ¢ .
The research focuses on the transformation of the deterministic model into the stochas-
tic model using the Langevin approach. The transition probabilities that capture the
likelihood of events inherent in the transmission process were constructed, resulting in
the transition probability table. Using the modeling procedure developed by[l], the s-
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tochastic differential equation (SDE) for the transmission dynamics of the age-structured
diphtheria infection was developed. The numerical simulation of the model shows the fol-
lowing: The high variance indicates the effect of randomness on the vaccination program.
At day zero the variances between each cluster of curves reduces, and becomes very close
to the deterministic baseline. After Hdays each individual trajectory for the number of
susceptible school children reduces and drops lower than the vaccinated population and
susceptible infant population. After 40days the vaccinated population curves intercept
with that of the susceptible infants. As the vaccination curves moves upward the suscep-
tible infant curves moves downward, indicating a reduction in the number of susceptible
infants. The result shows that increased vaccination rate will lead to Diphtheria infection
extinction while low vaccination rate will produce an epidemic.

From figure 2, the number of detected cases peaks at day 5, while the R curves
rises quickly, maintaining a smooth trajectories all through. The steep rise in R and
sharp drops in Iy, I, and Ip signals the end of an epidemic wave of the disease. Hence,
demonstrating how randomness can cause the outbreak of Diphtheria die out.

From figure 3, The rapid drop in the asymptomatic and symptomatic classes to zero by
day 5 also indicates how fast individuals move to the detected infected class. The detected
infected population (Ip) curves plateaus earlier; this indicates the effect of random noise
in detecting the disease hence suppressing the initial infection wave.
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